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An efficient decomposition method to solve the integrated problem of scheduling and dynamic optimization for sequen-
tial batch processes is proposed. The integrated problem is formulated as a mixed-integer dynamic optimization problem
or a large-scale mixed-integer nonlinear programming (MINLP) problem by discretizing the dynamic models. To reduce
the computational complexity, we first decompose all dynamic models from the integrated problem, which is then
approximated by a scheduling problem based on the flexible recipe. The recipe candidates are expressed by Pareto fron-
tiers, which are determined offline by using multiobjective dynamic optimization to minimize the processing cost and
processing time. The operational recipe is then optimized simultaneously with the scheduling decisions online. Because
the dynamic models are encapsulated by the Pareto frontiers, the online problem is a mixed-integer programming prob-
lem which is much more computationally efficient than the original MINLP problem, and allows the online implementa-
tion to deal with uncertainties. VC 2013 American Institute of Chemical Engineers AIChE J, 59: 2379–2406, 2013
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Introduction

Confronting current challenges in process industries, an
enterprise has to optimize its overall production activities
including design, planning, scheduling, and dynamic optimi-
zation.1–4 Integrating decision making at different levels
becomes of utmost importance to identify economic poten-
tials for increasing the profit margins which is being
dwindled under increasingly fierce global competitions. A
great variety of techniques have been developed for integra-
tion of planning and scheduling,5–11 design and schedul-
ing,12–14 design and control,15–19 and scheduling and
dynamic optimization.20–26 Comparing with other integration
strategies, integration of scheduling and dynamic optimiza-
tion is more challenging because there are constraints of non-
linear differential equations in the integrated problem and it
needs to be resolved online under uncertainties.20,27 The
objective of this work is to develop a fast computational
method to solve the complicated problem of online integrated
scheduling and dynamic optimization for batch processes.

The integrated problem is generally formulated as a
mixed-integer dynamic optimization (MIDO)28,29 problem
where the differential equations describing the process dy-
namics are incorporated into the scheduling model with dis-
crete and continuous variables. The MIDO problem can be
solved by the simultaneous method30,31 where the MIDO
problem is reformulated into a mixed-integer nonlinear pro-

gramming (MINLP) problem by discretizing the differential
equations into nonlinear algebraic equations. Though the for-
mulation is straightforward, solving the formulated large-
scale MINLP is challenging.20 For a multiproduct, multistage
batch process, there are a number of dynamic models
describing each operational stage for a product. Moreover,
the number of dynamic models increases with the number of
the batches. A dynamic model needs to have different cop-
ies, one for each batch. As a result, an integrated problem is
generally a large-scale MINLP even though the constituent
scheduling problem might be simple.

Comparing with the conventional approach, the advantage

of an integrated method is that the operational recipe can be
optimized simultaneously with scheduling decisions. Con-
ventionally, scheduling and dynamic optimization are solved
in a sequential way. This is the sequential method which
determines the recipe data for scheduling, for example, batch
processing times, by optimizing operations of a single prod-
uct. Then, the schedule is optimized based on the fixed rec-

ipe. However, in a batch-scheduling problem, a product
competes with others for resources, for example, materials,
equipment, and storages. Due to the interactions among
products, the recipe, which is optimal for a single product,
might be suboptimal for the entire scheduling problem of a
multiproduct batch process. Integration of scheduling and
dynamic optimization is essential to optimize the overall per-

formance of the batch production by determining the optimal
recipe simultaneously with the scheduling decisions.32

The integrated optimization problem is, however, much
more challenging to solve than the sequential optimization
approach. Even if the scheduling model is linear, the inte-
grated problem becomes nonlinear after incorporating the
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dynamic models. Due to the complexity of the formulated
MINLP problem, the optimal solution is difficult to obtain
even for offline optimization.33,34 To deal with uncertainties
which are inevitable in the batch production, the integrated
problem needs to be resolved online. The online optimization
is much more challenging because the optimal solution
should be found in a short-time period. The main challenges
in an integrated method are summarized as
� Complicated MINLP problem resulting from the incor-

poration of dynamic models into the scheduling problem
with discrete decisions.
� High requirement on computational efficiency for online

optimization in a short period under uncertainties.
To address these challenges, we propose a novel frame-

work to solve the integrated scheduling and dynamic optimi-

zation problem. It is applied to sequential batch processes

where the batch integrity can be preserved. The proposed

method consists of several stages shown in Figure 1. (1) An

integrated problem is formulated by extending the time-slot

scheduling model35 and the order price function.36 (2) A

bilevel optimization approach is applied to analyze the

model structure and identify the conflicting factors of

the processing times and the processing costs which link the

scheduling model and the dynamic models. (3) The Pareto

frontiers of the conflicting factors are obtained by the multi-

objective, multistage dynamic optimization for each product.

The e-constraint approach is applied to determine the Pareto

frontiers. (4) The Pareto frontiers are used to encapsulate the

dynamic models and represent the flexible recipe for sched-

uling. The integrated problem is decomposed into dynamic

optimization problems, which are solved offline to generate

a flexible recipe, and a scheduling problem based on the

flexible recipe, which is solved online. There are two alter-

natives to build the online scheduling model: (i) a continu-

ous-time scheduling model based on piecewise linear Pareto

curves and (ii) a discrete-time scheduling model based on

discrete Pareto points. Because all dynamic models are sepa-

rated, the online scheduling problem becomes a mixed-inte-

ger linear programming (MILP) problem. (5) The scheduling

decisions and the operational recipes are optimized simulta-

neously online to deal with uncertainties in the batch

production.
The novelties of the proposed framework are summarized

as
� New integrated model: extend both continuous-time

scheduling model and discrete-time scheduling model to for-
mulate a compact integrated problem which incorporates the
minimum number of dynamic models.
� Efficient solution strategy: decompose all dynamic

models from the integrated problem and approximate the
integrated problem by an MILP scheduling model with flexi-
ble recipe, avoiding the solution of a complicated MINLP
problem.
� Capable for online application: All dynamic optimization

problems are solved offline and the scheduling model with
flexible recipe is computationally efficient and suitable for
online implementation under uncertainties.

The remaining of this article is organized as follows. The

problem formulation is given in Problem Formulation. The

decomposition strategy is presented in Solution Strategies.

The section Case Study includes a detailed study on a flexi-

ble jobshop scheduling problem with dynamic models of

reaction tasks. Conclusions are drawn at the end.

Problem Formulation

There are various scheduling models for batch processes
with different specifications. We need to first select a sched-
uling model to formulate the integrated problem. The sched-
uling model determines the number of dynamic models
incorporated in the integrated problem. This work focuses on
the sequential process and extends the time-slot scheduling
model35 to formulate the integrated problem. The integrated
problem based on the time-slot model contains fewer
dynamic models than the integrated problems formulated

Figure 1. Integration framework of scheduling and
dynamic optimization for sequential batch
processes.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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based on the unit-specific continuous-time model34 and the
state-equipment network (SEN) model.33

Based on the time-slot model, the number of dynamic
models included in the integrated problem is independent on
the number of time points. This feature makes it possible to
extend the discrete-time scheduling model to formulate the
integrated problem. Both continuous-time scheduling model
and the discrete-time scheduling model have advantages and
disadvantages.37–40 The performance is highly dependent on
the problem specifications. Therefore, it is desirable to use
both scheduling models and make a comparison if possible.
We note that most existing methods for the integration of
scheduling and dynamic optimization use the continuous-
time scheduling model and no comparison with the discrete-
time scheduling model is reported in the literature.

Scheduling problem of sequential batch processes

Batch processes are commonly cast into two categories:
the network process and the sequential process.37,41 The net-
work process is general where operations of batch splitting,
mixing, and resizing are allowed. The sequential process is
special where batch splitting, mixing, and resizing are pro-
hibited. These restrictions result in a feature of the sequential
process that the batch integrity is preserved through produc-
tion stages. Though methods for the network process are
also applicable to the sequential process, they are much less
efficient than the specific methods taking advantage of the
special process structure.42 Because the scheduling problem
of a process with a general network structure can be chal-
lenging to solve online by itself, this work focuses on the se-
quential process to maintain the mathematical tractability on
a problem with a reasonable size. Studies on the general net-
work scheduling problem are future work.

An illustrative diagram of scheduling the sequential batch
process is given in Figure 2. Products A, B, and C are manu-
factured. The customer order specifies the demand and the

due date for each product. Because the batch integrity is pre-
served in the sequential process, the number of batches can
be determined according to the customer demand. This is the
batching procedure,35 a common step in scheduling the
sequential process.

As illustrated in Figure 2, the original order is divided
into smaller orders. Each divided order is fulfilled by one
batch of the associated tasks. When all divided order is satis-
fied, the original order is satisfied. Thus, we only need to
track the fulfillment of each divided order and the original
demand constraints can be replaced by the order fulfillment
constraint. The divided order plays an important role in the
following mathematical formulation. To help understand the
order, we can make an analogy between the sequential batch
process scheduling problem and the jobshop scheduling
problem. The term “order” corresponds to the term “job” in
the jobshop problem, whereas the term “stage” is the coun-
terpart of the term “operation”.43

The routing of an order execution can be represented by
the resource task network (RTN).44 There are three types of
nodes: (1) the task nodes (represented by rectangles), which
denote the operational stages; (2) the state nodes (repre-
sented by circles), which denote the raw materials, interme-
diate products, and the final products; (3) the equipment
nodes (represented by ellipses), which denote the processing
units. Though the routing of a product order can be sepa-
rated from those for other products, the operational stages
for different products can compete for the same unit. The
shared resources of processing units impose interactions
among different orders. Therefore, the scheduling problem
should be solved by taking all orders simultaneously into
account.

The goal of scheduling is to optimize an economic crite-
rion by determining the starting time of an operational stage
for an order and allocating a processing unit to an opera-
tional stage. These two types of decisions can be modeled at

Figure 2. Diagram of scheduling a sequential multiproduct, multiorder, multistage batch process.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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the same time by using the time-slot formulation.35 An illus-
tration of the time-slot model is shown in Figure 3. An order
indexed by i has multiple operational stages indexed by l. A
unit indexed by j has a set of time slots indexed by k. The
starting time of a stage is denoted by TSIil while the ending
time is TEIil. To process different orders, the time interval of
a unit is partitioned into time slots. Each unit processes an
order only in a time slot. The starting time and the ending
time of a slot are denoted by TSJjk and TEJjk, respectively.
The allocation of units is determined by a matching opera-
tion between an operational stage and a time slot. A binary
variable Wijkl is introduced to model the matching decisions.

If Wijkl51, then the operational stage indexed by (i, l) is
matched to the time slot indexed by (j, k). Once they are
matched, their starting times are equal, TSIil5TSJjk.

Specifically, the time-slot model consists of the following
constraints.35

a. Unit allocationX
j2Jil

X
k2Kj

Wijkl51; 8i; l 2 Li (1)

X
i;lð Þ2ILj

Wijkl1Sjk51; 8j; k 2 Kj (2)

Sjk21 � Sjk; 8j; k 2 Kj and k � 2 (3)

Sjk � 0; 8j; k 2 Kj (4)

where Wijkl is the allocation variable and Sjk is a slack vari-
able. Equation 1 imposes that an order is processed exactly
once in each stage. The order indexed by i is the divided
order as illustrated in Figure 2. When each divided order is
fulfilled according to Eq. 1, the original order demand is sat-
isfied. Set Li contains all operational stages of order i, set Jil

includes all units capable for processing stage l of order i,
and set Kj contains the time slots in unit j. Units can have
different numbers of time slots.
Equation 2 ensures the time slot of a unit is assigned to at
most one stage of an order at a time. Set ILj contains the
pairs of order-stage indexed by (order, stage) that unit j can
process. In the case of existing parallel units, empty time
slots appear which are not matched to any stage of any
order. An example of parallel units and empty time slots is
displayed in Figure 4. When empty time slots appear, the
slack variable Sjk in Eq. 2 is not zero. The slack variables
are introduced to push all empty time slots to the end
according to inequality (3) and they are all positive under in-
equality (4). As shown in Figure 4, when two time slots are
available and only one is required, the first one is selected
(Sj(k51)50) while the second one becomes empty
(Sj(k52)51). The slack variables can help reduce the number
of combinations for the time slot assignment and reduce the
computational time.

b. Timing relation of operational stages

TEIil5TSIil1stil1PTil; 8i; l 2 Li (5)

Figure 3. Time slot model.

The main scheduling decision is to assign an order stage

to a unit slot.

Figure 4. Parallel units and empty time slots.
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TSIil � TEIi l21ð Þ; 8i; l 2 Li; l � 2 (6)

Equation 5 defines the ending time TEIil of a stage which is
equal to the starting time TSIil plus the setup time stil and
the processing time PTil. The starting time of the current
stage should be larger than or equal to the ending time of
the previous stage. The relationship is modeled by inequality
(6).

c. Timing relation of unit slots

TEJjk5TSJjk1
X

i;lð Þ2ILj

Wijkl stil1PTilð Þ; 8j; k 2 Kj (7)

TSJjk � TEJj k21ð Þ; 8j; k 2 Kj; k � 2 (8)

Similar to the timing relations of an order stage, Eq. 7
states that the ending time TEJjk of a unit time slot is
equal to the starting time TSJjk plus the processing
time expressed via the allocation variables. The time
slots of a unit cannot overlap so inequality (8) is
placed on the starting time and the ending time of two
adjacent slots.

d. Matching operational stage to time slot

TSIil2TSJjk �2tH 12Wijkl

� �
; 8i; j 2 Jil; k 2 Kj; l 2 Li

(9)

TSIil2TSJjk � tH 12Wijkl

� �
; 8i; j 2 Jil; k 2 Kj; l 2 Li

(10)

When an operational stage is processed in a time slot, the
allocation variable Wijkl51. Then, the starting time of the
stage is equal to the starting time of the slot according to
inequalities (9) and (10), where tH is the upper bound of the
scheduling horizon. Once the starting times are matched, the
finishing times are automatically matched according to Eqs.
5 and 7.

e. Sales according to order price functions
An important constraint on the batch scheduling problem is
the order due date. An order needs to be fulfilled before its
due date. Otherwise, a penalty is added to the tardy order
and the corresponding selling price decreases with time. We
introduce the order price function36 into the time-slot sched-
uling model to evaluate an order according to its delivery
date.

The order price function is shown in Figure 5. It is
equal to the constant order price minus the tardiness
penalty. The order price function is a piecewise linear
function with three segments. The ending points are the
first due date dI

i , the second due date dII
i , and the sched-

uling horizon tH. The order can be delivered beyond the
two due dates. However, the economic price of the order
is less than the original price cP

i if the delivery date
exceeds the first due date dI

i . The longer the order deliv-
ery is delayed, the larger penalty is placed on the tardi-
ness and the less order price left. After the second due
date dII

i , the order would have zero price. The scheduling
horizon tH is a hard constraint on the order delivery date
(ODT)

ODTi5TEIi l5jLijð Þ; 8i (11)

ODTi5DTI
i 1DTII

i 1DTIII
i ; 8i (12)

OWI
i dI

i � DTI
i � dI

i ; 8i (13)

OWII
i dII

i 2dI
i

� �
� DTII

i � OWI
i dII

i 2dI
i

� �
; 8i (14)

DTIII
i � OWII

i tH2dII
i

� �
; 8i (15)

Sales 5
X

i

cP
i 12

DTII
i

dII
i 2dI

i

� �
(16)

The ODTi of order i is defined by the ending time of the last
stage according to Eq. 11. In the order price function, the
delivery date is expressed as the sum of components DTI

i ,
DTII

i , and DTIII
i in Eq. 12. The piecewise order price func-

tion is expressed by Eqs. 13–15, where the binary variables
OWI

i and OWII
i are introduced to express the location of the

delivery date. Combinations of OWI
i and OWII

i denote the
intervals in which the ODTi stays, that is,

OWI
i 50; OWII

i 50) DTII
i 50; DTIII

i 50) 0 � ODTi

� dI
i

OWI
i 51; OWII

i 50) DTI
i 5dI

i ; DTIII
i 50) dI

i � ODTi

� dII
i

OWI
i 51; OWII

i 51) DTI
i 5dI

i ; DTII
i 5dII

i 2dI
i ) dII

i

� ODTi � tH

The order price is expressed in Eq. 16 and the sum defines
the sales of all orders.

f. Production cost

Cost 5
X

i

CVar
i 1cFix

i

� �
5
X

i

CVar
i 1cFix (17)

The total production cost is the sum of the costs for every
order i. The cost of order i consists of two terms: the vari-
able cost CVar

i and the fixed cost cFix
i . The sum of the fixed

Figure 5. The order price function is equal to the con-
stant order price minus the tardiness penalty.

The order price function is characterized by the order

price cPi , the first due date value dIi , the second due date

value dIIi , and the scheduling horizon tH. [Color figure

can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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costs over all orders is denoted by cFix. The variable cost is
expressed by the sum of the costs over all stages as

CVar
i 5

X
l2Li

PCil; 8i (18)

where PCil, is the processing cost of stage l for order i. The
processing cost is determined by the dynamic model in the
operational stage and the detailed expression will be dis-
cussed in the following sections.

g. Objective function of profit

Profit5Sales–Cost (19)

The objective of the scheduling problem is to maximize the
production profit which is equal to the sales minus the cost.
The sales are solely determined by the order price function
in Eq. 16 and they are not dependent on the product quality.
The products are demanded with a customer-specified quality
level. The delivered products should satisfy the quality
requirement. However, the customers will not pay more for
a high-quality product beyond what they requested.

Multistage dynamic optimization

A feature in integration of scheduling and dynamic optimiza-
tion is that the detailed dynamic models are taken into
account in the scheduling problem. Unlike the conventional
scheduling method where the recipe data such as processing
times are fixed parameters, an integrated method uses a flexi-
ble recipe. The recipe data become variables which are
determined by dynamic models in operational stages of an
order. We can change the flexible recipe by manipulating
process inputs.

For batch production, a product is commonly manufac-
tured by a series of cascaded operational stages rather than a
single stage only (e.g., see Figure 2). The initial condition of
a dynamic model in a stage is dependent on the final value
of the dynamic model in the previous stage. Therefore, the
cascaded dynamic models for an order need to be optimized
simultaneously so that the initial condition or the final value
linking two models can be regarded as decision variables.
This is a feature different from conventional dynamic opti-
mization which studies the model in a single unit.

A dynamic model in an operational stage can be described
by a set of differential algebraic equations

0 � til � sil; 8i; l 2 Ll (20)

d

dtil
xil tilð Þ5fil til; xil tilð Þ; uil tilð Þð Þ; 8i; l 2 Ll (21)

hil til; xil tilð Þ; uil tilð Þð Þ � 0; 8i; l 2 Ll (22)

yil tilð Þ5gil til; xil tilð Þ; uil tilð Þð Þ; 8i; l 2 Ll (23)

uil5/il yil silð Þð Þ; 8i; l 2 Ll (24)

xil 0ð Þ5 xi l21ð Þ si l21ð Þ
� �

; l � 2

x0
i ; l51

; 8i; l 2 Ll

�
(25)

xf
i 5xil silð Þ; l5jLij; 8i (26)

qi xf
i

� �
� 0; 8i (27)

The dynamic model is identified by the order index i and
the stage index l. In this work, we consider identical parallel
units so that the dynamic model is the same in those parallel

units. If the units for a stage are not identical, then we need
consider different combinations. For example, we assume
unit A for the first stage and unit B or C for the second
stage. If unit B is not identical to unit C, then the multistage
optimization problem on the two stages needs to be solved
for each combination of units, A, B or A, C.

We should note that the purpose of the dynamic optimiza-
tion is to generate the candidate recipe data for the schedul-
ing problem. Though we need to solve more dynamic
optimization problems for different combinations of the non-
identical units, all dynamic optimization problems are solved
offline. The presence of the nonidentical units will not affect
the efficiency of the proposed method, which will be pre-
sented in the following section.

Variables in the dynamic model are labeled in the same
way, including the time variable. The time til is restricted by
inequalities (20). The starting time is 0 and the ending time
is sil. Equation 21 consists of differential equations of the
state variables xil and input variables uil . Path constraints
(22) on the state variables and the input variables contain a
set of inequalities, expressing the safety constraints, the util-
ity constraints, or other general constraints on the process.

The output equations are expressed by Eq. 23. In an inte-
grated problem, the dynamic process is optimized to improve
some economic criterion. The outputs yil are related with the
criterion value uil in Eq. 24. The criterion function is eval-
uated at the final time point of the output. This expression is
general to model the criterion related with the entire time
function. For example, if we need to calculate the accumu-
lated input value in the entire time interval, that isðsil

0

uil tilð Þdtil

we can append the following differential equation

d

dtil
zil tilð Þ5uil tilð Þ

to the dynamic model (21). Next, we define the output as

yil tilð Þ5zil tilð Þ

and the criterion function as

uil5yil silð Þ

Then, we have the value we need

uil5

ðsil

0

uil tilð Þdtil

Equation 25 defines the initial condition of each dynamic
model, which is equal to the final value of the dynamic
model in the previous stage. If the stage is the first one, the
initial value is equal to the parameter x0

i dependent on prod-
uct i, for example, the species concentrations in the raw
materials. The value of the final product is modeled by Eq.
26, which is equal to the final value in the final stage. The
final value xf

i denotes the product quality, for example, the
species concentrations in the final product. We can place
quality constraints (27) on the final value.

The linking variables between the scheduling model and a
dynamic model are the processing time sil and the processing
cost uil. The two variables are coupled by the dynamic
model and manipulated by the process inputs. Both variables
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also affect the objective function of the scheduling problem.
The processing time affects the ODT and in turn the order
price. The processing cost is a component of the total cost.
Due to the linking variables, the scheduling problem and the
dynamic optimization problem should be solved in an inte-
grated way. It should be noted that the batch size is deter-
mined in the batching procedure before solving the
scheduling problem. Thus, the batch size is not a linking
variable, but a fixed parameter for both scheduling problem
and dynamic optimization problem.

Constraints of the differential Eqs. 21 cannot be handled
directly by a standard nonlinear programming (NLP) solver.
Thus, the differential equations are often discretized into
algebraic equations. First, the continuous time interval is

expressed by a set of discrete time points, t
nð Þ

il

n o
, n51, 2,

…, nf. The step between two adjacent points is defined by

ril5t
n11ð Þ

il 2t
nð Þ

il . Then, the continuous-time functions are all

sampled at the discrete time points, that is, x
nð Þ

il 5xil t
nð Þ

il

� �
,

u
nð Þ

il 5uil t
nð Þ

il

� �
, and y

nð Þ
il 5yil t

nð Þ
il

� �
. Finally, the differential

equations which express relations among the continuous-time
functions are transferred into algebraic equations which place
constraints on the discrete points, as

x
nð Þ

il 5x
n21ð Þ

il 1
XNp

p51

bpk
pð Þ

il (28)

k
pð Þ

il 5rilfil t
nð Þ

il 1cpril; x
nð Þ

il 1
XNp

q51

apqk
qð Þ

il ; u
nð Þ

il

 !
(29)

where apq, bp, and cp are parameters, defined by a specific
discretization method. Equations 28 and 29 comprise the
general expression of Runge–Kuta methods, including both
explicit methods (apq50, for any q�p) and implicit methods
(apq 6¼0, for a q�p). Runge–Kuta methods are multistage
methods and the integer np denotes the number of stages.

Equations 28 and 29 can also represent the formulation of

collocation methods,45 where x
nð Þ

il denotes a finite element

point and k
nð Þ

il denotes a collocation point. Collocation meth-

ods use a piecewise polynomial to approximate the solution

of the differential equations. In fact, a collocation method

with the polynomial of the np th degree is equivalent to an

implicit Runge–Kutta method with np stages.46

After the time variable is discretized, other equations describ-

ing the dynamic model become constraints at the discrete time

points, as shown in the equations and inequalities below

hil t
nð Þ

il ; x
nð Þ

il ; u
nð Þ

il

� �
� 0 (30)

y
nð Þ

il 5gil t
nð Þ

il ; x
nð Þ

il ; u
nð Þ

il

� �
(31)

uil5/il y
n5nfð Þ

il

� �
(32)

x
n51ð Þ

il 5 x
n5nfð Þ

i l21ð Þ ; l � 2

x0
i ; l51

(
(33)

xf
i 5x

n5nfð Þ
il ; l5jLij (34)

Note that we drop the il indices for the discretization pa-
rameters, nf, apq, bp, cp, and np, for simplicity. The dynamic

models can be discretized by using different parameter
values.

Formulation of integrated problem

Scheduling problem requires the process recipe as the input
data. The processing times and the processing costs are deter-
mined by the dynamic models in the order operational stages.
For a traditional scheduling method, the recipe consists of
fixed parameters which are determined by solving dynamic
optimization problems in advance. A main drawback of tradi-
tional methods is that it cannot account for the objective func-
tion of the scheduling problem. The dynamic optimization
problem can only optimize some local objective function, for
example, minimizing the processing time. Therefore, the rec-
ipe determined by the dynamic optimization might not be opti-
mal for the scheduling problem. In the integrated approach,
this problem is solved by determining the optimal recipe
simultaneously with the optimal scheduling decisions.

The integrated problem we analyze is stated as follows

Assumptions:
� Sequential batch process where there are no batch

splitting, mixing, and resizing
Given:
Scheduling parameters
� Production configuration by RTN, including the rout-

ing pathway for executing an order and the informa-
tion of capable units for an operational stage

� Upper bound of the scheduling horizon
� Divided orders with due dates
� Price and fixed cost for each order
� Unit cost of raw materials and utilities
Process dynamics
� Dynamic models of operational stages
� Cost function related to a dynamic model
� Initial condition in the first stage and final value in

the last stage associated with each order
� Utility constraints, safety constraints, and quality

constraints
Determine:
Scheduling decisions
� Starting time of each operational stage of an order
� Allocation of a processing unit to each stage of an

order
� Delivery date and economic value of an order
Recipe
� Processing time and processing cost of each opera-

tional stage
Objective:
� Maximize the production profit

The integrated problem is formulated by combining the
scheduling model and the dynamic models, which is

max Profit ðEq: 19Þ (35)

s.t.
Scheduling model (Eqs. 1–18)
Dynamic models (Eqs. 20–27)

PTil5sil; 8i; l 2 Li (36)

PCil5uil ; 8i; l 2 Li (37)

This is an MIDO problem with constraints including dif-
ferential equations. The scheduling model is linked to the
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dynamic models by the equation of the processing times (36)
and the equation of the processing costs (37). The MIDO
problem can be discretized into an MINLP problem by
replacing Eqs. 20–26 with Eqs. 28–34. Although it is
straightforward to reformulate the MIDO problem into an
MINLP, solving the reformulated MINLP could be computa-
tionally challenging.47,48

The number of dynamic models is a factor indicating
the complexity of the integrated problem, which is deter-
mined by the scheduling model. Table 1 lists the number
of dynamic models for different continuous-time schedul-
ing models. Mishra et al.34 adopts the unit-specific contin-
uous-time model.49 In the formulation, a dynamic model
is identified by the indices of tasks and time points. Thus,
the number of dynamic models in the integrated problem
is equal to the number of tasks times the number of time
points. Nie et al.33 uses the SEN and the number of
dynamic models is the product of the number of unit
states, the number of units, and the number of time
points. For the time-slot model extended in this work, the
number of dynamic models in the integrated problem is
equal to the number of tasks which is denoted by an
order stage in the sequential process. Given that each task
has a unique dynamic model different from those for other
tasks, the number of dynamic models included in an inte-
grated problem cannot be fewer than the number of tasks.
This means the integrated problem based on the time-slot
scheduling model has the minimum number of dynamic
models.

The number of dynamic models based on the time-slot
model is not only smaller than other formulations but also
independent on the time points. The number of time
points is a critical parameter in a continuous-time schedul-
ing model.37 Unfortunately, it is often selected by trial
and error due to a lack of a systematical selection proce-
dure. So it is desirable to decouple the number of
dynamic models from the number of time points, reducing
the difficulty in setting up the integrated problem. The in-
dependence also makes it possible to extend the discrete-
time scheduling model for the integrated problem even
though the discrete-time scheduling model generally
includes much more time points than the continuous-time
scheduling model. Given that continuous-time scheduling
model and discrete-time scheduling model both have pros
and cons, both formulations can be used for the schedul-
ing model of the integrated problem. Because the discrete
time model has a much simpler structure than the continu-
ous-time model, the computational requirement of the dis-
crete-time model might not increase with the incorporation
of additional features.39

Of course, the time-slot model can only be used to solve
the sequential process scheduling problem. Consequently,

the proposed method confines the integrated problem to the
sequential process. The unit-specific continuous-time model
and the SEN model can be applied to a more general net-
work process which allow batch splitting and mixing. How-
ever, these models result in a much more complex
integrated problem, consisting of a great number of
dynamic models. Thus, application of the integrated method
to a network process concentrates on small-scale prob-
lems.33,34 We should note that the number of dynamic mod-
els cannot be automatically reduced when these methods
are applied to the sequential process. Both existing methods
use the simultaneous approach to solve the integrated prob-
lem. Even for the sequential process, the simultaneous
approach could be very inefficient, preventing the online
implementation. The proposed method, however, includes a
decomposition approach, which can considerably reduce the
computational time and ensure the online application. The
decomposition method is presented in the following
section.

Solution Strategies of Integrated Problem

The integrated problem is a complicated MIDO problem
or a large-scale MINLP problem after the discretization pro-
cedure. Solving such a complicated problem is challenging.
Furthermore, we need to take into account the uncertainties
in a batch process. Batch production is subject to various
uncertainties, for example, equipment breakdown, batch fail-
ure, processing time variation, and sudden change in the
order. Under uncertainties, the production can soon deviates
from the predetermined schedule and the initially optimal
schedule may become suboptimal or even infeasible. There-
fore, we often need to reschedule the process online to deal
with uncertainties. Online implementation makes the solution
to the integrated problem much more challenging. The inte-
grated problem should be solved repeatedly according to the
updated information and the solution should be obtained in a
small-time interval so that uncertainties can be handled
immediately.

In this section, we propose an efficient decomposition
method to solve the integrated problem. First, we decom-
pose the dynamic models from the integrated problem
through a bilevel programming approach. To approximate
the optimal-value function in the bilevel programming
problem, we develop a heuristic method based on the mul-
tiobjective optimization on the conflicting factors of proc-
essing times and processing costs. The resulting Pareto
curve provides a flexible recipe. The integrated problem is
then transformed into a scheduling problem with the flexi-
ble recipe. Two types of models are derived based on dif-
ferent scheduling models and different expressions of the
Pareto curve: (1) the continuous-time scheduling model
based on piecewise linear Pareto curve and (2) the dis-
crete-time scheduling model based on discrete Pareto
points.

Decomposition based on bilevel optimization

The integrated problem is computationally challenging.
The difficulty arises from the combination of the scheduling
problem with the dynamic optimization problems. However,
if we consider them separately, the individual problems are
much easier to solve. This motivates us to develop a decom-
position method which can separate the dynamic optimization
problems from the scheduling problem in the optimization

Table 1. Number of Dynamic Models in the Integrated

Problem for Different Continuous-Time Scheduling Models

Scheduling
Model

Time-Slot
Model in

This Work

Unit-Specific
Continuous-

Time Model34
State-Equipment
Network Model33

Number of #Tasks #Task 3 #Unit states 3

dynamic #Time #Units 3

models points #Time points
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procedure. However, the dynamic information is taken into
account in the flexible recipe which is optimized simultane-
ously with scheduling decisions. We apply a bilevel program-
ming method to achieve this goal.

For the purpose of the decomposition, we first cluster
the decision variables into four categories: (1) the varia-
bles only included in the scheduling problem, denoted by
the collection VSch, (2) the variables only contained in the
dynamic model of order i, denoted by the collection VDyn

i ,
(3) the collection of processing times PTilf g, and the col-
lection of processing costs PCilf g. Using the classification,
we can express the objective function of the integrated
problem as

Profit�5 max
PTilf g; 8i; l 2 Li

PCilf g;8i; l 2 Li

VSch

VDyn
i

n o
; 8i

Profit (38)

Then, we transform the optimization problem into a bi-
level programming problem as

Profit �5 max
PTilf g;8i; l 2 Li

VSch

max
PCilf g;8i; l 2 Li

VDyn
i

n o
;8i

Sales-Costf g

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

(39)

The processing times and the variables in the scheduling
model are decision variables of the outer problem, whereas
the processing costs and the variables in the dynamic models
are decision variables in the inner problem. The profit is
equal to the difference between the sales and the total cost.
In the bilevel programming, the decision variables in the
outer problem can be regarded as parameters in the inner
problem. When we know the value of the processing times

PTilf g and the scheduling variables in VSch, the term of the
sales in the inner problem is independent on the processing
costs or the variables in a dynamic model. We can minimize
the cost term inside the inner problem

Profit �5 max
PTilf g;8i; l 2 Li

VSch

Sales 2cFix2 min
Cilf g;8i; l 2 Li

VDyn
i

n o
;8i

X
i

X
l2Li

PCil

( )
8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

(40)

where the cost term is expressed as the sum of the process-
ing costs plus the fixed cost according to Eq. 17. In the
inner problem, the dynamic model of each order is inde-
pendent with others. This is a very useful feature of the se-
quential process where there is no material splitting or
mixing. According to the independence of dynamic models
for different orders, we can further simplify the inner prob-
lem as

Profit �5 max
PTilf g;8i; l 2 Li

VSch

Sales 2cFix2
X

i

min
Cij

	 

; l 2 Li

VDyn
i

X
l2Li

PCil

( )
8>>>>><
>>>>>:

9>>>>>=
>>>>>;

(41)

where the dynamic optimization problem of each order can
be solved independently because there is no material split-
ting or mixing for different orders in the sequential batch
process.

Finally, we have the equivalent bilevel programming prob-
lem as

max
PTilf g; 8i; l 2 Li

VSch

Sales 2cFix2
X

i

PC
i

( )
(42)

s.t.
Scheduling model (Eqs. 1–18)

PC
i 5gi PTi1;PTi2; � � � ;PTijLij

� �
; 8i (43)

Inner optimization for each order i

gi PTi1;PTi2; � � � ;PTijLij
� �

5 min
VDyn

i

X
l2Li

PCil (44)

s.t.
Dynamic models (Eqs. 20–27)

PTil5sil; 8l 2 Li (45)

PCil5uil; 8l 2 Li (46)

The bilevel programming approach reveals the underlying
structure of the integrated problem, which is visualized in
Figure 6. The inner problem includes the multistage dynamic
optimization problem for each order. The objective is to
minimize the total processing cost over all stages in Eq. 44.
In the optimization, the processing times are regarded as pa-
rameters. Therefore, the optimal objective value is a function
of the processing times, and it is denoted as the optimal-
value function. The optimal-value function encapsulates the
detailed dynamic models and it is a constraint in Eq. 43 for
the outer problem. The outer problem is actually a schedul-
ing problem based on a flexible recipe expressed by the opti-
mal-value functions. If we have the expression of all
optimal-value functions, we can easily solve the integrated
problem by decomposing all dynamic models from the
scheduling problem. We will discuss it in the following
section.

The bilevel programming approach not only decomposes
the complicated integrated problem, but also provides
insights into the integration structure. A critical question is:
can the integrated method outperform the sequential method?
The sequential method solves the dynamic optimization
problems separately before solving the scheduling problem,
because the objective function of the scheduling problem is
not available in the dynamic optimization. The sequential
method uses some local information. It can minimize the
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processing time considering that a short processing time can
reduce the ODT and increase the sales. A small value of the
processing time is a beneficial factor for the profit. After the
dynamic optimization, a fixed recipe is obtained. The sched-
uling problem is then solved based on the fixed recipe.
Though the sequential method which only focuses on a sin-
gle beneficial factor cannot guarantee a good overall per-
formance, it provides a standard to evaluate the integrated
method. From the structure of the integrated problem
revealed by the bilevel programming, we can answer the
aforementioned question. The positive answer relies on the
condition that the processing times and the processing costs
should be conflicting factors. It should be noted that the inte-
grated method is not necessarily superior to the sequential
method. Exploring the problem structure and identifying the
conflicting factors are critical to determine if we really need
to use such a complicated integrated method instead of a
simple sequential one. Unfortunately, this issue is often
neglected in literature.

To investigate why the processing time and the processing
cost should be conflicting factors when an integrated method
can achieve a better performance than the sequential one, we
analyze the effects of the two types of variables in the
scheduling problem. The processing times affect the sales by

changing the order price function. When the processing time
increases, it delays the ODT. Consequently, the order price
(Figure 5) can only keep constant or decrease. The objective
function of the profit monotonically (not strictly) decreases
as the processing times increase. The processing costs affect
the objective function by the cost term. As the total cost
grows with the processing costs, the profit monotonically
decreases as the processing costs increase.

In the scheduling problem, the processing times and the
processing costs have the same effect on the tendency of the
objective function. The two kinds of variables are, however,
not dependent. They are coupled by the dynamic models.
The coupling generates the optimal-value functions (43)
which impose the constraints on the processing times and
the processing costs. If the optimal-value function is a
monotonically increasing function, then a small processing
time implies a small processing cost. The optimal solution of
the scheduling problem occurs at the point where the proc-
essing time is minimized. In this case, the integrated method
might not outperform the sequential method. However, if the
optimal value function is monotonically decreasing, the proc-
essing times and the processing costs become conflicting fac-
tors. When we shorten the processing time, the sales can
increase. Meanwhile, the processing costs have to grow,

Figure 6. Structure of the integrated problem revealed by the bilevel programming.
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resulting in a larger total cost. Balancing the two conflicting
factors is not trivial and a good tradeoff can only be made
when we solve the integrated problem.

Generation of promising recipe data from multiobjective
optimization

In the integrated problem, the recipe data of processing
times and processing costs are variables. Changing their val-
ues leads to a flexible recipe. The integrated problem can be
regarded as an extended scheduling problem based on the
flexible recipe. However, the processing times and the proc-
essing costs are coupled by the dynamic models. Their rela-
tionship is determined by constraints (43) which are the
optimal-value functions (44) from the dynamic optimization
problem. Because the optimal-value functions do not have
closed-form expressions, we have to include all dynamic
models into the integrated problem if we try to describe the
entire set of recipe data according to constraints (43). This
straightforward approach results in a very complicated inte-
grated problem, challenging to solve.

To simplify the integrated problem, we develop a heuristic
method which explores only a fraction of the recipe data set
containing promising candidate recipes rather than the entire
set. As discussed in the previous section, a short processing
time or a small processing cost benefits the objective function.
When they are conflicting factors, a short processing time
implies a large processing cost and we cannot reduce both val-
ues simultaneously. Therefore, we need to consider different
combinations of the processing times and the processing costs.
For the conflicting factors, we can solve a multiobjective opti-
mization problem and generate a set of promising recipe data
from the returned Pareto frontier. The multiobjective optimiza-
tion is solved for each order with the e-constraint method

PTi1 eið Þ; � � � ;PTijLij eið Þ5arg min
PTil;l2Li

X
l2Li

PCil; 8i (47)

s.t.
Dynamic models (Eqs. 20–27)
Processing time and processing cost (Eqs. 45 and 46)X

l2Li

PTil � ei (48)

The optimal solution of the processing times is a function
of the parameter ei, which is the upper bound on the sum of
the processing times. The recipe data for the processing costs
are obtained as the optimal objective function value

PC
i eið Þ5 min

PTil;l2Li

X
l2Li

PCil; 8i (49)

In the multiobjective optimization, we consider the trade-
off between the total processing time and the total process-
ing cost. Therefore, we place the total processing time in the
e-constraint (48) and set the total processing cost as the
objective function (47). The multistage dynamic optimization
problem for an order is solved at each value of ei. The gen-
erated recipe data, processing times, and processing costs are
one-dimensional (1-D) functions of the e parameter. The
single-variable function is straightforward to approximate.

Using the multiobjective optimization, we generate candidate
recipe data from the Pareto frontier, which is parameterized by
a single variable ei. Each processing time or processing cost is a
function of ei. Substituting the parameterized recipe data into
the integrated problem in Eqs. 42–46, we have

max
eif g; 8i
VSch

Sales 2cFix2
X

i

PC
i

( )
(50)

s.t.
Scheduling model (Eqs. 1–18)
Recipe data for each order i

PTil5pil eið Þ; 8l 2 Li (51)

PC
i 5li eið Þ (52)

where the functions pil (ei) and li (ei) represent the mapping

from the Pareto frontier according to Eqs. 47–49. Though

we do not have the closed-form analytical expression for the

functions, we can simply approximate it using a piecewise

linear function or a set of discrete points because they are 1-

D functions. Based on the flexible recipe, all dynamic mod-

els are decomposed from the integrated problem.
The implementation of the integrated method is exhibited

in Figure 7. In the offline implementation, the recipe func-

tions PTil5pil (ei) and PC
i 5li eið Þ are generated. We only

need to investigate these functions for each product because

orders for a product have the same production stages and the

same optimal-value functions from the dynamic optimiza-

tion. Even though the recipe function is the same, orders can

have different operational conditions corresponding to differ-

ent points selected from the same recipe function. We intro-

duce the set IP to represent the products. It is a subset of the

order set IP � I, in which only one order is preserved for

each product. The multiobjective dynamic optimization prob-

lem is only solved on an order with i 2 IP. The retuned rec-

ipe function is applied to other orders of the same product.

Because the recipe functions are 1-D, the approximation is
straightforward. The information we need for the approximation
is a set of function values. We generate a set of discrete val-

ues e rð Þ
i

n o
; r51; 2; � � � ; ne

i for each product i 2 IP where the

number of the discrete values is denoted by ne
i . These values are

incremental with the step size denoted by de
i . The lower bound

of the discrete points is determined by the dynamic optimization
with the objective of minimizing the total processing time. Then
starting from the lower bound, the set of discrete points is gener-

ated with the incremental step size. At each point of e rð Þ
i , the

dynamic optimization problem in Eqs. 50–52 is solved. Then,

the optimal processing times PT
rð Þ

il and the optimal total process-

ing cost P
C rð Þ
i are recorded. From the set of e rð Þ

i ;PT
rð Þ

il

n o
and

e rð Þ
i ;P

C rð Þ
i

n o
, we can approximate the functions PTil5pil (ei)

and PC
i 5li eið Þ, respectively. The details of the approximation

will be discussed in the subsequent sections where different
approximation approaches are combined with the continuous-
time or discrete-time scheduling model. The approximated func-
tions are denoted by ~pil eið Þ and ~li eið Þ.

In the online implementation in Figure 7, the optimal
schedule is determined simultaneously with the optimal rec-
ipe. When uncertainties occur in the batch process, we mea-
sure the current production condition and then solve the
extended scheduling with the flexible recipe problem accord-
ing to the updated information. The reoptimized schedule and
recipe are applied to the process to deal with uncertainties. A
promising feature of the integrated method is that all dynamic
optimization problems are solved online to determine flexible
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Figure 7. Implementation of the integrated method.
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recipe functions PTil5pil (ei) and PC
i 5li eið Þ, while only the

extended scheduling problem based on the flexible recipe is
required to solve online. The decomposition significantly
reduces the computational complexity of the integrated prob-
lem, enabling the online application.

The Pareto curve provides a tradeoff between the process-
ing time and the processing cost. The flexible recipe function
determined from the Pareto curve records promising opera-
tional conditions. The recipe function can be used to encap-
sulate the information about the dynamic model. Of course,
substitution of the dynamic model by the recipe function is
an approximation. Due to the complexity of the integrated
problem, it is difficult to determine the approximation accu-
racy for a general scheduling model combined with general
dynamic models. However, the proposed method signifi-
cantly reduces the problem complexity and can be easily
implemented. One can simply check its performance for a
particular problem from the returned results. As demon-
strated in the case study, the solution of the proposed
method is very close to the optimal one returned by the si-
multaneous method. However, the computational time can be
reduced by orders of magnitude.

Continuous-time scheduling model based on flexible
recipe approximated by piecewise linear function

There are a number of approaches to approximate the rec-
ipe function. The approximation method should be integrated
with the scheduling model. In this section, we use a piece-
wise linear function to approximate the recipe function. The
approximation is then integrated with the continuous-time
scheduling model. After linearization of the bilinear terms,
we obtain an MILP problem which is much easier to solve
than the original integrated MINLP problem.

After solving the dynamic optimization problems, we

obtain recipe data points e rð Þ
i ;PT

rð Þ
il

n o
and e rð Þ

i ;P
C rð Þ
i

n o
, for

each dynamic model. We can create a piecewise linear func-
tion by linking the discrete data points with a series of line
segments. The approximated functions PTil5~pil eið Þ and

PC
i 5~li eið Þ can be expressed as

ei5
X
r2Ri

kire
rð Þ

i ; 8i (53)

PTil5
X
r2Ri

kirPT
rð Þ

il ; 8i; l 2 Li (54)

PC
i 5
X
r2Ri

kirP
C rð Þ
i ; 8i (55)

X
r2Ri

kir51; 8i (56)

kir � 0; 8i; r 2 Ri (57)

ki r51ð Þ � bi r51ð Þ; 8i (58)

kir � bi r21ð Þ1bir; 8i; r 2 Ri; 2 � r � jRij21 (59)

ki r5jRijð Þ � bi r5jRij21ð Þ; 8i (60)

bir 2 0; 1f g; 8i; r 2 Ri (61)

The piecewise linear functions are modeled by the
convex combination method.50 Other formulations by the
incremental method or the multiple choice method are
possible. A piecewise linear function is built for each
order i. Ri denotes the index set of the discrete points.

Constraints (57)–(61) imply that ki1; ki2; � � � ; kijRij
	 


for
8i is a specially ordered set of Type 2 (SOS2) in which
at most two adjacent terms can be nonzero. If a solver
supports SOS2 variables, ki1; ki2; � � � ; kijRij

	 

can be

directly defined as a SOS2 set, which replaces con-
straints (57)–(61).

When the processing times become variables, the original

scheduling model turns out to be nonlinear due to the bilin-

ear terms Wijkl stil1PTilð Þ in Eq. 7. Because the bilinear term

is the product of a binary variable and a continuous variable,

we can linearize Eq. 7 as

TEJjk5TSJjk1
X

i;lð Þ2ILj

WTijkl; 8j; k 2 Kj (62)

WTijkl1UTijkl5stil1PTil; 8i; l 2 Li; j 2 Jil; k 2 Kj

(63)

0 � WTijkl � WijkltH; 8i; l 2 Li; j 2 Jil; k 2 Kj (64)

0 � UTijkl � 12Wijkl

� �
tH; 8i; l 2 Li; j 2 Jil; k 2 Kj

(65)

where nonnegative variables WTijkl and UTijkl are introduced
for the linearization.

Using the decomposition method and the linearization

approach, we transform the integrated MIDO (or MINLP)

problem into an MILP scheduling problem based on the flex-

ible recipe, which is summarized as

max
eif g;8i
VSch

Sales 2cfix2
X

i

PC
i

( )
(66)

s.t.
Scheduling model (Eqs. 1–6, 62–65, 8–18)
Recipe data (Eqs. 53–61)

where the scheduling model (1)–(6) is the time-slot model.35

Discrete-time scheduling model based on flexible recipe
approximated by discrete points

Another approach to approximate the recipe function uses
a set of discrete points. The approximation can be integrated
with the discrete-time scheduling model, in which the time
interval of a processing unit is partitioned into a set of time
points with the step size denoted by dt. For consistency, we
set the step size of the discrete-time scheduling model as the
step size used in the approximation of the recipe function,
that is, dt5de

i .
In the discrete-time scheduling model, the processing

times should be equal to an integer times the step size

PT
rð Þ

il 5

�
PTL

il

dt

�
dt1 r21ð Þdt; 8i; l 2 Li (67)

where PTL
il denotes the lower bound of PTil. Appending the

constraint (67) into the optimization problem (47), we obtain

the recipe data of e rð Þ
i ;PT

rð Þ
il

n o
and e rð Þ

i ;P
C rð Þ
i

n o
. The proc-

essing times in the discrete-time scheduling model is repre-
sented as

DPTilr5PT
rð Þ

il =dt1dstil=dte (68)

The ratio PT
rð Þ

il =dt is an integer due to constraint (67).
The discrete-time scheduling model is modified from the

one for the batch process with a network structure.51,52 In
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the discrete-time scheduling model, the time point index is
denoted by t. A new allocation variable WD

ijlrt is introduced,
which is the counterpart of the allocation variable Wijkl in
the continuous-time model. If WD

ijlrt51, stage l of order i is
executed in unit j starting from the time point t and using
the processing time r. The allocation by using WD

ijlrt is illus-
trated in Figure 8. The allocation variables are subject to the
constraint of X

j2Jil

X
r2Ri

X
t

WD
ijlrt51; 8i; j 2 Li (69)

The constraint ensures that every stage of an order is exe-
cuted only once. When a unit is assigned to a task, it cannot
be used by others until the task is finished. The constraint on
the unit availability is expressed as

X
i

X
l2Li

X
r2Ri

Xt

t05t2DPTilr11

WD
ijlrt0 � 1; 8j; t (70)

For the sequential process, an order stage can be executed
only after the previous stage finishes. The constraint on the
stage sequence is given byX
j2Jil

X
r2Ri

X
t0�t

WD
ijlrt0 �

X
j2Jil

X
r2Ri

X
t0�t2DPTi l21ð Þr

WD
ij l21ð Þrt0 ; 8i; t;

l 2 Li and l � 2 (71)

The processing time index r is only dependent on the
order index i because the processing times for different
stages are calculated from the same solution of the optimiza-
tion problem (50). This condition implies that the stages of
an order should select the processing times with the identical
index r, resulting in the equalities on the allocation variables

X
j2Jil

X
t

WD
ijlrt5

X
j2Ji l21ð Þ

X
t

WD
ij l21ð Þrt; 8i; r 2 Ri;

l 2 Li and l � 2 (72)

In the discrete-time scheduling model, all the timing relations
are expressed by the constraints on the allocation variables and
there is no need to express the starting times and the ending
times of an order stage explicitly. The ODT is modeled by

ODTi �
X
j2Jil

X
r2Ri

WD
ijlrt t1DPTilrð Þdt; 8i; t; l5jLij

(73)

where t on the right-hand side is the index of the time
points. The processing cost is given by

PC
i 5
X
l2Li

X
j2Jil

X
r2Ri

X
t

WD
ijlrtP

C rð Þ
i ; 8i (74)

The discrete-time scheduling model based on the flexible
recipe is summarized as follows

max
eif g;8i
VSch

Sales 2cfix2
X

i

PC
i

( )
(75)

s.t.
Scheduling model (Eqs. 69–73, 12–19)
Processing time and processing cost (Eqs. 68 and 74)

The discrete-time scheduling model involves more binary
variables than the continuous-time scheduling model. How-
ever, the structure of the discrete-time model is simpler than

Figure 8. Illustration of the allocation variable WD
ijlrt in the discrete-time scheduling model.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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that of the continuous-time model. Thus, the better choice of
the two scheduling models is usually problem-dependent.
We implement both models and compare them based on the
results.

Case Study

The proposed integration framework is applied to a flexi-
ble jobshop scheduling problem in this section. We first
present the problem description including the RTN represen-
tation of the scheduling problem and the differential equa-
tions of the dynamic models. Then, we solve the
multiobjective, multistage dynamic optimization problems
independently for each production line containing different
numbers of operational stages. The core component of the
proposed method is the expression of the information associ-
ated with the dynamic models by the Pareto frontiers. To
demonstrate the advantages of the proposed method, we
compare it with the sequential method and the simultaneous
method. The efficiency of the proposed method enables its
online application which is critical to dealing with uncertain-
ties. We consider a simulated example of the equipment
breakdown to illustrate the online application.

In this work, all optimization problems are modeled in
GAMS 23.8.1 and solved in a PC with Intel(R) Core(TM)
i5-2400 CPU @ 3.10 GHz, 8-GB RAM, and Window 7 64-
bit operating system. Though the CPU has four cores, only
one core is used in the computation.

Problem description

The RTN representation of the flexible jobshop scheduling
problem is displayed in Figure 9. The sequential process
contains three production lines which have different opera-
tional stages. The first stage for product P1 is the blending
task which mixes the two reactants M11 and M12. The sec-
ond stage is a reaction task containing multiple reactions.
The third stage is a filtration task which filters out the unde-

sired byproduct. The fourth stage is a first-order reaction
task. The fifth stage is the packaging task executed in a
packaging line. The feature of parallel units is taken into
account in this model. Reactor RII is identical to Reactor RIII

while Packaging line PI is identical to PII. Thus, the reaction
in the fourth stage of P1 can take place in either RII or RIII.
Similarly, the packaging task can be executed in either pack-
aging line. The production line for P2 is similar to that for
P1 except the blending task. The production line for P3 only
contains a first-order reaction task in the first stage and the
packaging task in the last stage.

In this model, the dynamics of the reaction tasks is impor-
tant. Each reaction task is described by a dynamic model.
However, the blending task for P1, the filtration tasks for P1

and P2, and the packaging tasks for P1, P2, and P3 are
assumed to have fixed recipe and can be described with alge-
braic models. A general structure of the dynamic models for
the reaction tasks is displayed in Figure 10.

The reaction task takes place in a batch reactor with a jacket.
The differential equations describe the chemical kinetics, the re-
actor temperature, and the jacket temperature. The chemical
kinetics follows the mass rate law where the reaction order of a
species is determined by its stoichiometric coefficient in the
corresponding reaction. The rate coefficient is expressed
according to the Arrhenius equation. The control variables are
the flow rate of the heating water and the flow rate of the cool-
ing water in the jacket. Manipulating these flow rates can
change the jacket temperature, then the reactor temperature,
and finally the chemical kinetics by altering the reaction rates.

The objective is to maximize the production profit which
is equal to the product sales minus the production cost. The
decision variables include: (1) the scheduling decisions, for
example, the task sequences and the equipment assignments;
(2) the operating recipe for the reaction tasks, for example,
the heating/cooling water flow rates, the temperature profiles,
and the processing times. The data for this flexible jobshop
scheduling model are all listed in the Appendix.

Figure 9. The RTN representation of the flexible jobshop scheduling problem.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Multistage dynamic optimization

The first step of the proposed method is to solve the
dynamic optimization problem for each production line. This
subsection uses the production line of P1 to illustrate the
optimization procedure. The dynamic optimization problems
for other products P2 and P3 are solved in the same way. As
shown in Figure 9, a production line contains the stages with
a fixed recipe besides the stages of reaction tasks. Because
we do not consider dynamic optimization for tasks with the
fixed recipe, these stages are removed from the optimization
approach. For example, in the production line of P1, only the
second and the fourth stages need to be optimized by solving
the dynamic optimization problems.

Figure 11 displays the results of the dynamic optimization.
The initial concentration of I1 in the fourth stage is equal to the
final concentration of I1 in the second stage. However, the ini-
tial value of the reactor temperature in the fourth stage is set as
the ambient temperature (300 K) due to the heat loss in material
transition. In each reaction task, the reactor temperature is
increased by the heating water in the beginning time interval. A
high-temperature results in a fast reaction rate. The reactor tem-
perature cannot, however, exceed the safety boundary. The
maximum temperate of reactor RI which executes the reaction
task in the second stage is set as 350 K and the maximum tem-
perate of reactor RII or RIII which execute the reaction task in
the fourth stage is set as 360 K. Because the reactions can be
exothermic, it is possible that the jacket temperature exceeds
the temperature of the heating water and the upper bound on the
jacket temperature is set as 370 K for all reactors.

At the end of the reaction task, the reactor temperature
needs to be decreased by the cooling water because the materi-
als with the high temperature cannot be processed by the fol-
lowing stage. The outlet temperature should be less than 320
K. The utility constraints are imposed on the sum of the heat-
ing water flow rate and the cooling water flow rate. The upper
bound on the sum of water flow rates is 20 m3/h for reactor RI

in the second stage, whereas the upper bound is 30 m3/h for
reactors RII and RIII in the fourth stage. The effects caused by
those constraints are reflected on the dynamic trajectories in
Figure 11. The output of the fourth stage is the final product.
The final concentration of P1 should not be less than 4000

kmol/m3 to satisfy the quality demand. The data about the
dynamic models are listed in the Appendix.

For the multiobjective optimization, we calculate the
lower bound of the total processing time to determine the
starting point of the Pareto curve. The lower bound is
obtained by minimizing the total processing time of the two
stages. The optimal value is 0.8511.4552.30 h. The deci-
sion variables are the heating flow rates and the cooling flow
rates, which are expressed as a piecewise constant function
with 10 intervals. The collocation method30 is applied to the
dynamic optimization. The method discretizes the continu-
ous-time variables in the dynamic models by finite elements
and collocation points. There are two dynamic models, one
for each stage. There are 20 finite elements in each model,
and three collocation points in every finite element. The
length of a finite element in each dynamic model is treated
as a variable to be optimized. Therefore, the processing time
of a task can be changed. After discretization, the dynamic
optimization problem is transformed into an NLP problem.
The model and solution statistics are listed in Table 2.

The dynamic optimization problem is easy to solve and
the optimal solution is found within 1.2 s. The same proce-
dure is applied to other production lines.

Proposed integration method with multiobjective,
multistage dynamic optimization

The second step of the proposed method is the multiobjec-
tive dynamic optimization, which reveals the conflicting fac-
tors inside the scheduling problem. Balancing these
conflicting factors is the motivation of considering an inte-
grated approach. The conflicting factors are the processing
time and the processing cost. The processing cost is mainly
due to the consumption of heating water and cooling water.

The multiobjective optimization is performed for each pro-
duction line independently. The Pareto curve is generated by
using the e-constraint method. A set of incremental process-
ing times is generated starting from the minimum processing
time calculated in the previous section. The time step
between two adjacent values is 0.1 h and totally 10 process-
ing times are generated in a set. Then at each processing

Figure 10. The dynamic model of a reaction task.
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time, the processing cost is minimized. An approximated
Pareto curve is generated by linking the points of total proc-
essing time and total processing cost with straight lines. The
multiobjective optimization problem is solved to all produc-
tion lines for P1, P2, and P3. For the products P1 and P2, the

processing time or the processing cost is the total value of
the two reaction stages, that is, the multistage optimization
is performed to generate the points on the Pareto curve.

The resulting Pareto curves are displayed in Figure 12. It
is seen from the Pareto curve that the processing cost strictly
decreases with the processing time for each product. The
dynamic models are for the reactions. A large processing
time indicates a small reaction rate, which in turn implies a
small consumption of heating/cooling water and conse-
quently a lower-processing cost. On the contrary, to reduce
the processing time, more control efforts should be placed
on the process to manipulate the reaction rate. More heating/
cooling water is consumed, implying a high-processing cost.

Because the processing cost increases as the processing
time decreases, we cannot reduce both variables simultane-
ously. They are conflicting factors. The points on the Pareto
curves determine the recipe candidates, which replace the

Figure 11. Multistage optimization on the second and the fourth stage of P1. The two stages are optimized simul-
taneously and the total processing time of the two stages is minimized.

Table 2. Model and Solution Statistics for the Multistage

Dynamic Optimization of P1

Model
Finite

Elements

Collocation
Points per

Finite Element Equations Variables

20 3 1818 1791

Solution Type Solver Objective (h) CPU (s)
NLP CONOPT3 2.30 1.2

The objective is to minimize the total processing time of the two reaction
stages.
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dynamic models in the integrated problem. Based on the
piecewise linear Pareto curve, the continuous-time scheduling
model is used to formulate the integrated problem. The
resulting integrated problem is an MILP problem and the
optimal scheduling decisions are determined simultaneously
with the optimal recipe characterized by the Pareto curves.
The model and solution statistics are listed in Table 3 (the
second column) and the Gantt chart is displayed in Figure 12.

The optimal operating conditions denoted by the optimal
recipe are located back on the Pareto curves. The locations
of the operating conditions selected by the integrated method
vary for different products as well as different orders. Order
1 and Order 2 are associated with the same product P1.

However, their operating conditions are different. The oper-
ating condition of Order 1 is located on the left end of the
Pareto curve where the processing time reaches the mini-
mum value. The operating condition of Order 2 is located
around the middle point of the Pareto curve.

Even for the same product, the locations of the operating
conditions can be different with respect to orders because the
orders are executed in different production environments. It is
a feature of the integrated method which optimizes the recipe
according to the scheduling decisions. The widely-spread
operating points on the Pareto curves indicate that the con-
flicting factors are balanced in different ways according to the
products and the orders. It is difficult to make a good tradeoff

Figure 12. Scheduling returned by the proposed method based on the piecewise linear Pareto curves and the con-
tinuous-time scheduling model. The optimal operating conditions are located in the Pareto curves.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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without knowledge of the scheduling problem. This is the rea-
son that the scheduling and dynamic optimization problems
should be solved simultaneously.

The Pareto curve can also be expressed by the discretized
points. This expression is integrated with the discrete-time
scheduling model. The scheduling results returned by the
proposed method based on the discretized Pareto points and
the discrete-time scheduling model is shown in Figure 13.
The time step of the discrete-time scheduling model is equal
to the step used to obtain the Pareto points (0.1 h). It should
be noted that there are additional constraints added in the
multiobjective optimization: The processing time of each
stage should be an integer times the time step so that it can
be used without rounding errors in the discrete-time schedul-
ing model. In contrast, in the previous case of the piecewise
linear Pareto curve, the processing time of each stage can be
a fractional value times the time step. Due to the constraints
(67), the Pareto points on Figure 13 might not be the same
as the discrete points on the Pareto curves in Figure 12.

The model and solution statistics are listed in Table 3 (the
third column). The integrated problem based on the discrete-
time model contains many more binary variables than
the problem based on the continuous-time model. However,
the discrete-time model has a much simpler structure than the
continuous-time model. For example, there are no big-M
constraints for time slot matching in the discrete-time model.
Consequently, the computational time of the discrete-time
model is only slightly longer than that of the continuous-time
model (19.7 vs. 15.6 s). Because the processing time of each
stage is restricted in the discrete-time model, the optimal value
of the profit is slightly smaller (by 4.3%) than that returned by
the continuous-time model ($4693.7 vs. $4905.0).

Comparisons with sequential method and
simultaneous method

To demonstrate the performance of the proposed method,
we compare it with the sequential method and the simultaneous
method in this section. The parameter values, which are equal
to those used in the previous section, are given in the Appen-
dix. The differences among the two integrated methods and the
sequential method are visualized in Figure 14. Both integrated
methods based on the flexible recipe, but the recipe is
expressed in a different way. Detailed discussions about the
differences and the comparisons are presented in the following.

Conventionally, scheduling is based on the fixed recipe
determined by dynamic optimization. This is the sequential
method because the dynamic optimization and the scheduling

optimization are solved one after the other. Being solved
beforehand, the dynamic optimization cannot use the objec-
tive function of the scheduling problem. Thus, it has to be
performed based on some local criterion. We use the total
processing time for each production line as the objective
function. This criterion attempts to finish an order execution
through all stages as quickly as possible to avoid the penalty
on the delayed delivery date.

After the dynamic optimization on each production line, the
processing times and the processing costs are calculated. These
variables are then fixed and actually become the parameters
for the sequential scheduling problem. If a product has multi-
ple orders, all orders use the same recipe. The sequential
scheduling problem is then solved based on the fixed recipe
returned by the dynamic optimization. The scheduling results
are displayed in Figure 15. The model and solution statistics
of the sequential scheduling problem is listed in Table 3 (the
fourth column). Each dynamic model is discretized by 20 finite
elements and each finite element has three collocation points.
The sequential scheduling problem is easy to solve because
the processing times and the processing costs all become pa-
rameters. The computational time of the sequential scheduling
problem is less than that of the proposed method (1.2 vs. 15.6
s) by using the continuous-time formulation for both integrated
scheduling problems.

The makespan of the sequential method is shorter than
that of the integrated method (7.69 vs. 8.42 h) because the
total processing time of each product is minimized. The
shorter makespan contributes to a larger order price, reflected
by a larger value of the sales ($12,122.1 vs. $11,844.7).
However, the cost is larger ($8345.7 vs. $6939.7) caused by
the small processing times. It is due to the inability of mak-
ing a good balance between the conflicting factors that the
sequential method results in a lower profit than that of the
integrated method ($3776.3 vs. $4905.0).

To overcome the drawback of the sequential method, inte-
grated methods are proposed. A common one is the simulta-
neous method,33,34 which solves the scheduling problem
with all dynamic optimization models simultaneously. The
dynamic models are discretized and enter the scheduling
problem as a large set of nonlinear equations. For consis-
tency, we use the same parameters to discretize the dynamic
models, that is, 20 finite elements for each model and three
collocation points for each element.

For the simultaneous method, the number of dynamic
models in the integrated problem increases as the number of
orders. There are two dynamic models for P1, two models for
P2, and one model for P3. Each product has two orders so

Table 3. Model and Solution Statistics for Different Methods

Method
Proposed

(Continuous-Time)
Proposed

(Discrete-Time) Sequentiala Simultaneousb

Recipe Optimized Optimized Fixed Optimized
Type MILP MILP MILP MINLP
Constraints 4548 2213 614 9262
Con. Var. 3973 2912 185 9145
Dis. Var. 282 12,120 186 186
Solver CPLEX 12.4 CPLEX 12.4 CPLEX 12.4 SBB
Objective ($) 4905.0 4693.7 3776.3 5074.9
CPU (s) 15.6 19.7 1.2 50,000
Gap (%) 0 0 0 45.7

The objective is to maximize the production profit.
aThe model for the sequential method represents the scheduling problem where the recipe is fixed.
bFor the simultaneous method, there are 20,016 nodes searched in the branch and bound procedure. The optimal solution is found at 19,598 nodes when the
computational time is equal to 49,133 s.
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there are totally 2 3 (21211)510 dynamic models in the
integrated problem. If we place more orders for the products,
more dynamic models should be included in the integrated
problem. In contrast, the sequential method and the pro-
posed method solve the dynamic optimization problem for
each product. The number of dynamic models required to
be optimized is independent on the number of orders.

The model and solution statistics are listed in Table 3 (the
fifth column). Even though the scheduling problem is linear,
the integrated problem turns out to be highly nonlinear after
we include the large set of equations resulting from discretiz-
ing the dynamic models. The MINLP problem is solved by
SBB, which is commonly used in literature about integrating

scheduling and dynamic optimization.25,33,34,53 The MINLP
problem is initialized with the solution of the sequential
method, including variables in the scheduling problem and var-
iables in all dynamic models. If the integrated problem is not
initialized properly, the problem might be local infeasible.

Owing to the computational complexity, there is still a
large gap of 45.7% when the resource limit of 50,000 s is
reached. The scheduling results are shown in Figure 16a.
When we initialize the problem at some other
randomly selected conditions, solutions with different gaps
are returned. In all cases, the gaps are large (more than
40%) when the solver stops at the resource limit of
50,000 s.

Figure 13. Scheduling returned by the proposed method based on the discretized Pareto points and the discrete-
time scheduling model; The optimal operating conditions are located in the selected Pareto points.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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The resulting optimal profit is $5074.9 and it is higher
than $3776.3 of the sequential method. The increase in the
profit exemplifies the superiority of integrating both schedul-
ing and dynamic optimization problems. However, the com-
putational time is much longer, which is about 13.9 h. The
computational time is even larger than the scheduling hori-
zon of 9 h. The profit is slightly larger, by 3.3%, than that
returned by the proposed method based on the continuous-
time scheduling model. However, the computational time is
more than three orders of magnitude longer. The inefficiency

in solving the MINLP problem has also been reported in
some other examples.33,34

To further analyze the computational bottleneck of the
simultaneous approach, we solve the problem again by fix-
ing the binary assignment variables at those returned by the
proposed method based on the continuous-time scheduling
model. The assignment variables are the main binary varia-
bles in the model. The scheduling results are displayed in
Figure 16b. The profit is now slightly higher than the previ-
ous solution ($5234.6 vs. $5074.9). The computational time

Figure 14. Comparisons of different methods solving the scheduling problem and the dynamic optimization problems.

Figure 15. Scheduling results returned by the sequential method; The schedule is determined based on the fixed
recipe returned by the multistage dynamic optimization which minimizes the total processing time of
each production line.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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is 76.3 s to reach zero gap. However, because good
values of the binary variables cannot be identified in
advance, such a good solution with a short computational
time is difficult to obtain in practice. It is also seen that the
dynamic optimization is straightforward even if the dynamic
models for all production lines and all orders are solved to-
gether. However, when the dynamic models are combined
with the discrete scheduling decisions, the highly nonlinear
equations enter the scheduling problem, turning the original
MILP problem to be a complicated MINLP problem with a
much larger size.

Online implementation under uncertainties

Batch production is subject to different types of uncertain-
ties. Under uncertainties, an optimal schedule generated offline
might not remain optimal or might even become infeasible.
Thus, online rescheduling is often required. For online applica-
tion, computational time is critical and the schedule has to be
determined in a short time period.

The proposed integrated method decomposes all dynamic
models from the scheduling model. Only an MILP scheduling
problem with a flexible recipe is required to be solved online.
The efficiency of the proposed method enables its online appli-
cation. For demonstration, we solve the integrated problem
under the uncertainty of equipment breakdown. Other uncer-
tainties, for example, variations in processing times and
changes in orders, can be dealt with in the same way.

As illustrated in Figure 7, we implement the method
online in a reactive way. The uncertainties are not taken into
account in the scheduling model. However, when they occur,
we obtain the measurement and resolve the integrated prob-
lem according to the updated information. The returned new
schedule for the unfulfilled orders and new operational rec-
ipe are fed back to the process.

The process initially operates according to the offline sched-
ule (Figure 12). At Hour 1, reactor RII breaks down. The
breakdown interrupts the execution of Stage 1 for Order 5. The
batch needs to be reproduced. The reactor recovers at Hour 2

Figure 16. Scheduling results returned by the simultaneous method via: (a) initialization from the sequential
method, and (b) initialization from the proposed method and fixing assignment variables to the value
returned by the proposed method.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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after repairing. The uncertainty of the equipment breakdown
disturbs the predetermined schedule and the production needs
to be rescheduled. Rescheduling is conducted online. When the
reactor breaks down or when it is recovered, the integrated
problem is solved again. The decision variables in the past ho-
rizon are fixed at the historical data. The scheduling results are
shown in Figure 17a. The sequence of future task executions is
changed from that in the offline schedule. After reactor RII is
recovered, the task of Stage 3 for Order 4 is executed. This
task was assigned to the parallel reactor RIII in the offline
schedule. The two stages for Order 5 are postponed to the end
of the schedule until other orders are processed.

Not only the scheduling decisions but also the recipe are
changed in the rescheduling. The conflicting factors of proc-
essing times and processing costs are balanced in a new way
according to the uncertainty. A new recipe data for Order 5
is determined and displayed in Figure 17b. To reduce the
loss in the delivery dates delayed by the breakdown, more
weights are placed on the processing times. The processing
time decreases while the processing cost increases. This
example demonstrates that the recipe should be optimized
simultaneously with scheduling decisions. The proposed
method can reoptimize them in an integrated way online
under uncertainties.

Conclusions

We proposed a novel framework to solve the integrated prob-
lem of scheduling and dynamic optimization for sequential

batch processes. The integrated model was built by extending

the time-slot scheduling model and the order price function.

The number of dynamic models in the integrated problem was

not dependent on the time points. To reduce the computational

time for online application, we developed a decomposition

method. All dynamic models were decomposed from the sched-

uling model, and information about the dynamic models was

characterized by a flexible recipe. The recipe data were deter-

mined by the Pareto frontiers of the processing time against the

processing cost, which were generated by the multiobjective

dynamic optimization on each product. All dynamic optimiza-

tion problems were solved offline, independently from each

other and separately from the scheduling problem. After the

decomposition procedure, the integrated problem was approxi-

mated by a scheduling problem with recipe optimization. This

is an MILP problem and much easier to solve than the compli-

cated MINLP problem without decomposition.
The performance of the proposed method was demonstrated

by a flexible jobshop scheduling problem. Two approaches

were applied to solve the integrated problem: the continuous-

Figure 17. Scheduling results under equipment breakdown; (a) online rescheduling; (b) reoptimized recipe data for Order 5.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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time scheduling model with linear piecewise Pareto curves

and the discrete-time scheduling model with discretized Pareto

points. The two approaches had similar performance in terms

of the computational time and the optimal function value. The

proposed method produced a profit 23.0% larger than the se-

quential method because the proposed integrated method

could optimize the recipe and the scheduling decisions simul-

taneously. Comparing with the simultaneous integration

method, the proposed method was much more efficient. The

computational time was shorter by three orders of magnitudes

while the objective function value was only 3.3% less than

those of the simultaneous method. The efficiency ensured the

online implementation of the proposed method under uncer-

tainties. The proposed method was applied to a simulated

example with uncertainty of equipment breakdown. Under the

uncertainty, both scheduling decisions and recipe were able to

be reoptimized online.
Future work will extend the proposed method to solve

a batch scheduling problem with a general network
structure. Because the scheduling problem itself can be
very difficult to solve online for a batch process with a
general network structure, we need to reduce the com-
plexity not only for the integrated problem but also for
the scheduling problem.

Notation

Operation
|�| = size of set

Index
I = order
j = processing unit
k = time slot in continuous-time scheduling model
l = processing stage

m = product
n = finite element

p, q = collocation point
r = discrete points on Pareto frontier
t = time point in discrete-time scheduling model

Set
I = orders

IP = products, a subset of I
ILj = order stages, indexed by (i,l), which can be processed by

unit j
Jil = units capable for processing order i at stage l
Kj = time slots for unit j
Li = operaional stages for order i
Ri = discrete Pareto points for order i

Parameter
apq = collocation matrix
bp = collocation vector
cp = collocation vector

cFix = total fixed cost
cFix

i = fixed cost for order i
cP

i = price for order i
dI

i = first due date function for order i
dII

i = second due date for order i
de

i = step size of discretizing Pareto frontier for order i
dt = step size of discrete-time scheduling model
nf = number of finite elements
ne

i = number of discrete points in Pareto frontier
np = number of collocation points

s(i) = initial value of material for order i
stil = setup time of stage l for order i
tH = upper bound of scheduling horizon
x0

i = initial condition for order i

Greek letter
ei = e-value of multiobjective optimization for order i

e rð Þ
i = discrete value of ei

gi(�) = optimal-value function of dynamic optimization for order i
uil = cost in dynamic model of stage l for order i
kir = SOS2 variables in piecewise linear Pareto curve

li(�) = recipe function of total processing cost for order i
~li �ð Þ = approximated function of li(�)
pil(�) = recipe function of processing time in stage l for order i
~p il �ð Þ = approximated function of pil(�)

ril = length of finite element of stage l for order i
sil = ending time in dynamic model of stage l for order i
hijl = parameters of dynamic system at stage l of order i in unit j

Binary variable
bir = representing SOS2 variables in piecewise linear Pareto

curve
OWI

i = indicator of first segment in order price function for
order i

OWII
i = indicator of second segment in order price function for

order i
Wijkl = assignment of operational stage l of order i to time slot

k of unit j (continuous-time scheduling model)
WD

ijlrt = assignment of operational stage l of order i to unit j
starting from time t and using processing time indexed
by r (discrete-time scheduling model)

Variable
CVar

i = variable cost for order i
Cost = total production cost
DPC

ir = total processing cost order i with mode r in discrete-time
scheduling problem

DPTilr = processing time of stage l for order i with mode r in dis-
crete-time scheduling problem

DTI
i = first component of delivery date for order i

DTI
i = second component of delivery date for order i

DTIII
i = third component of delivery date for order i

k
pð Þ

il , k
qð Þ

il = collocation point
ODTi = order delivery date of order i

PC
i = total processing cost for order i

P
C rð Þ
i = discrete value of PC

i
PCil = processing cost of stage l for order i

Profit = production profit
PTil = processing time of stage l for order i

PT
rð Þ

il = discrete value of PTil

Sjk = slack variables for slot k in unit j
Sales = sales of all orders

til = time variable in dynamic model of stage l for order i
t

nð Þ
il = discretized time variable in dynamic model of stage l for order i

TEIil = ending time of stage l for order i
TEJjk = ending time of slot k in unit j
TSIil = starting time of stage l for order i
TSJjk = starting time of slot k in unit j

uil = inputs in dynamic model of stage l for order i
u

nð Þ
il = discretized inputs in dynamic model of stage l for order i

UTijkl = term for linearizing WTijklPTil

VSch = collection of variables in scheduling problem
VDyn

i = collection of variables in dynamic model for order i
WTijkl = term for linearizing WTijklPTil

xil = state variables in dynamic model of stage l for order i
x

nð Þ
il = discretized state variables in dynamic model of stage l

for order i
xf

i = final condition for order i
yil = output variables in dynamic model of stage l for order i

y
nð Þ

il = discretized output variables in dynamic model of stage l
for order i
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Appendix: Data for the Flexible Jobshop
Scheduling Example

Table A1. Data of Scheduling Problem

Symbol Description Value Unit

CP
1

Price of product 1 3.5E3 $/order

CP
2

Price of product 2 3.0E3 $/order

CP
3

Price of product 3 1.0E3 $/order

CF
1

Fixed cost of product 1 1.0E3 $/order

CF
2

Fixed cost of product 2 1.0E3 $/order

CF
3

Fixed cost of product 3 0.5E3 $/order

CHW Cost of heating water 20 $/m3

CCW Cost of heating water 2 $/m3

DI
1

First due date value of product 1 6 h

DII
1

Second due date value of product 1 9 h

DI
2

First due date value of product 2 6 h

DII
2

Second due date value of product 2 9 h

DI
3

First due date value of product 3 6 h

DII
3

Second due date value of product 3 9 h

O1 Order demand of product 1 2 Order
O2 Order demand of product 2 2 Order
O3 Order demand of product 3 2 Order

Table A2. Fixed-Processing Time (h)

Stage 1 Stage 2 Stage 3 Stage 4 Stage 5

Order 1, Order 2 1.0 – 0.7 – 1.0
Order 3, Order 4 – 0.9 – 1.5
Order 5, Order 6 – 1.2 – – –

Table A3. Setup Time (h)

Stage 1 Stage 2 Stage 3 Stage 4 Stage 5

Order 1, Order 2 0.1 0.1 0.1 0.1 0.1
Order 3, Order 4 0.1 0.1 0.1 0.1 –
Order 5, Order 6 0.1 0.1 – – –

Table A4. Models of Reaction Kinetics

Task Description Reaction Kinetics Differential Equations

T12 The second operational stage of the first product
M111M12 ��!

ka
12

I1

M111I1 ��!
kb

12
U1

ka
125Za

12e2Ea
12=TR

kb
125Zb

12e2Eb
12
=TR

dCM11
tð Þ

dt
52ka

12CM11
CM12

2kb
12CM11

CI1

dCM12
tð Þ

dt
52ka

12CM11
CM12

dCI1
tð Þ

dt
5ka

12CM11
CM12

2kb
12CM11

CI1

dCU1
tð Þ

dt
5kb

12CM11
CI1

T14 The fourth operational stage of the first product I1 ��!
k14

P1

k145Z14e2E14=TR

dCI1
tð Þ

dt
52k14CI1

dCP1
tð Þ

dt
5k14CI1

T21 The first operational stage of the second product M2
kb

21

 !ka
21 I2

I2 ��!
kc

21
U2

ka
215Za

21e2Ea
21
=TR

kb
215Zb

21e2Eb
21
=TR

kc
215Zc

21e2Ec
21
=TR

dCM2
tð Þ

dt
52ka

21CM2
1kb

21CI2

dCI2
tð Þ

dt
5ka

21CM2
2 kb

211kc
21

� �
CI2

dCU2
tð Þ

dt
5kc

21CI2

T23 The third operational stage of the second product I2 ��!
k22

P2k235Z23e2E23=TR dCI2
tð Þ

dt
52k23CI2

dCP2
tð Þ

dt
5k23CI2

T31 The first operational stage of the third product M3 ��!
k31

P3k315Z31e2E31=TR dCM3
tð Þ

dt
52k31CM3

dCP3
tð Þ

dt
5k31CM3
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Table A7. Parameters of Reactors

Reactor Symbol Description Value Unit

RI VI
R Volume of reactor 5 m3

VI
J Volume of jacket 1 m3

qI
J Density of jacket 1E3 kg/m3

CI
PJ

Heat capacity of jacket 4.186 kJ/(kg K)
UAI Heat-transfer coefficient 8E4 kJ/(h K)
TI

H Temperature of heating water 370 K
TI

C Temperature of cooling water 300 K
TI

R;max Maximum temperature of reactor 350 K
TI

J;max Maximum temperature of jacket 370 K
FI

max Maximum flow rate of heating and cooling water 20 m3/h
RII VII

R Volume of reactor 5 m3

VII
J Volume of jacket 1.5 m3

qII
J Density of jacket 1E3 kg/m3

CII
PJ

Heat capacity of jacket 4.186 kJ/(kg K)
UAII Heat-transfer coefficient 1E5 kJ/(h K)
TII

H Temperature of heating water 370 K
TII

C Temperature of cooling water 300 K
TII

R;max Maximum temperature of reactor 360 K
TI

J;max Maximum temperature of jacket 370 K
FII

max Maximum flow rate of heating water 30 m3/h

The parameter values of reactor RIII are identical to those of reactor RII.

Table A5. Models of the Heat Transfer between the Reactor and the Jacket

Temperature Differential Equation

Reactor

d
dt TR tð Þ5

Xn

i51

ri 2DHið Þ

qRcR
1

UA TJ 2TRð Þ
vRqRcR

Jacket d
dt TJ tð Þ5 FHTH1FCTC2 FH1FCð ÞTJ

VJ
1

UA TR2TJð Þ
VJqJ cJ

Table A6. Parameters of Reaction Tasks

Task Symbol Description Value Unit

T12 Za
12 Frequency factor 4E3 m3/(mol h)

Zb
12 Frequency factor 1E8 m3/(mol h)

Ea
12 Normalized activation energy 5E3 K

Eb
12 Normalized activation energy 1E4 K

DHa
12 Heat of reaction 230 kJ/mol

DHb
12 Heat of reaction 220 kJ/mol

q12
R Density of reactor 8E2 kg/m3

C12
PR

Heat capacity of reactor 3 kJ/(kg K)
T13 Z13 Frequency factor 1E4 m3/(mol h)

E13 Normalized activation energy 3E3 K
DH13 Heat of reaction 0 kJ/mol
q13

R Density of reactor 8E2 kg/m3

C13
PR

Heat capacity of reactor 3 kJ/(kg K)
T21 Za

21 Frequency factor 1E3 m3/(mol h)
Zb

21 Frequency factor 5E2 m3/(mol h)
Zc

21 Frequency factor 2E4 m3/(mol h)
Ea

21 Normalized activation energy 2E3 K
Eb

21 Normalized activation energy 3E3 K
Ec

21 Normalized activation energy 4E3 K
DHa

21 Heat of reaction 220 kJ/mol
DHb

21 Heat of reaction 0 kJ/mol
DHc

21 Heat of reaction 210 kJ/mol
q21

R Density of reactor 1.2E3 kg/m3

C21
PR

Heat capacity of reactor 3.5 kJ/(kg K)
T22 Z22 Frequency factor 5E2 m3/(mol h)

E22 Normalized activation energy 2E3 K
DH22 Heat of reaction 0 kJ/mol
q22

R Density of reactor 1.2E3 kg/m3

C22
PR

Heat capacity of reactor 3.5 kJ/(kg K)
T31 Z31 Frequency factor 1E2 m3/(mol h)

E31 Normalized activation energy 1E3 K
DH31 Heat of reaction 10 kJ/mol
q31

R Density of reactor 1E3 kg/m3

C31
PR

Heat capacity of reactor 4 kJ/(kg K)

The normalized activation energy is the activation energy divided by the gas constant.
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Table A9. Temperature Specification

Production Line
Initial

Temperature (K)
Final

Temperature (K)

1 300 320
2 300 320
3 300 320

Table A8. Data of Materials and Products

Production
Line

Initial Material
Concentration

Required Product
Concentration

1 CM11
5CM11

55E3 mol =m3 CP1
54E3 mol =m3

2 CM2
52E3 mol =m3 CP2

51:5E3 mol =m3

3 CM3
51E3 mol =m3 CP3

50:9E3 mol =m3
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